Abstract-By spectral analysis, and using joint time-frequency representations, we present the theoretical basis to design invariant bandlimited Airy pulses with an arbitrary degree of robustness and an arbitrary range of single-mode fiber chromatic dispersion. The numerically simulated examples confirm the theoretically predicted pulse partial invariance in the propagation of the pulse in the fiber.
which can be used to obtain pulses of different degree of robustness against different amounts of chromatic dispersion. As it is shown, a portion of the temporal waveform keeps invariant, providing a relative insensitiveness of the pulse to variations of chromatic dispersion.
II. SPECTRAL ANALYSIS OF IDEAL AIRY PULSE PROPAGATION ON A SMF
In the spectral domain, an ideal Airy pulse can be defined from its spectral function as ( [10] , p. 87) (1) where is the baseband angular frequency, i.e., is the optical angular frequency, is the central angular frequency, is the imaginary unit, and is a real constant number. In temporal domain, the corresponding complex envelope function of the Airy pulse, , can be obtained from the inverse Fourier transform of . Neglecting the fiber attenuation and nonlinear effects, the spectral response of an SMF section with length can be modeled as a phase-only filtering responsible of the chromatic dispersion, which can be expressed as , where is the propagation constant of the single mode as a function of the baseband angular frequency (centered at ). The function can be very accurately expressed as the Taylor expansion until third order of , leading to the following expression for the transfer function , where at . The quadratic and cubic terms are responsible of the chromatic dispersion, which in general produces a distortion in the complex envelope of the transmitted pulse because of the different values of group velocity of each spectral component. As represented in Fig. 1(a) , we can calculate the effect of the Airy pulse propagation thought the fiber as by applying the previous transfer function to the Airy pulse, , obtaining . It can be demonstrated that the second-order phase term affects as a frequency shift in the Airy pulse, with
In order to demonstrate this, we can express as 0733-8724/$31.00 © 2012 IEEE where the coefficients can be deduced expanding the Airy pulse expression (3) obtaining the coefficients , and the second-order phase term is canceled with
. With all this, we can express (4) where and
As shown in the next section, under some conditions, the cubic-order phase distortion produced by can be neglected, and the temporal complex envelope function can be obtained by applying the inverse Fourier transform of (4) as (7) where is the inverse Fourier transform of . It can be easily deduced that the waveform invariance of the temporal envelope amplitude is (8) Joint time-frequency representations provide a clear visualization of the interaction of pulses with optical media [11] , [12] . In this study, we use joint time-frequency representations to visualize the frequency shift and invariant waveform of the Airy pulse during the propagation through the fiber. Fig. 2 shows an illustrative example of the time-frequency distribution of an ideal Airy pulse before and after its propagation through the fiber over a distance, . It can be observed that in both figures, the time-frequency distribution remains undistorted, but there is a frequency shift of the whole distribution. In time domain, the envelope amplitude remains undistorted. The cubic-order phase distortion has been neglected in this example. Also, no consideration about the pulse temporal duration and limited bandwidth has been done in this whole section. These aspects are discussed in the next section.
III. NONIDEAL AIRY PULSE PROPAGATION ON SMF: FLAT-TOP
WINDOWED AIRY PULSE An ideal Airy pulse has an infinite bandwidth. In a practical implementation, we can only obtain an approximation to the ideal Airy pulse. We can spectrally window the ideal Airy spectral function with a flat-top window function , where is approximately constant over most of the total window bandwidth, . By using a flat-top window, the resulting spectral function is locally the same as the ideal spectral function, and it can be expected that the invariance property of the pulse will also locally remain. As shown in Fig. 1(b) , applying again the transfer function , and from ideal Airy pulse propagation effect deduced in (4), we can calculate the effect of the fiber dispersion on the bandlimited pulse (9) where (10) We provide two conditions to neglect the distortion of the cubic-order phase . First, we define a strict nondistortion condition, a sufficient condition to totally neglect the distortion imposing in the signal bandwidth , using (6) with (11) This condition has to be met for all within the path where the pulse invariance is desired. Since it can be too restrictive for relatively high bandwidths, we also define a less restrictive condition using the group delay function of (12) where denotes the phase of the function. From this, we can easily deduce the quasi-nondistortion condition to neglect in the group delay function (13) Under this condition, the group delay function of the dispersed pulse is not affected by the cubic phase dispersion term, and it does not distort the overall temporal intensity distribution of the pulse, as shown in the examples. If we neglect the cubic phase term of the dispersion, we can assume , and in time domain, we can deduce , obtaining (14) where and are the inverse Fourier transform of and , respectively. In order to show the partial invariance of the pulse in the propagation that (14) implies, we proceed to analyze bandlimited, spectrally flat-top windowed Airy pulse, . In Fig. 3 , a joint time-frequency analysis of is shown, where we can observe that the signal can been decomposed in two parts: "head" and "tail.". In the spectral domain, the "head" can be defined as the symmetric spectral section of , which can deduced from Fig. 3 as the spectral portion of centered in , with bandwidth . From (10), we have in most of the window bandwidth , and we can finally deduce (15) where . On the other hand, the "tail" of the pulse can be defined as . As shown in Fig. 3 , the bandlimited Airy temporal envelope function can be decomposed into (16) where and are the inverse Fourier transforms of and , and , and are, respectively, the time interval corresponding to the "head," "the tail," and the total parts of the pulse.
Since the time-frequency distribution of the "head" of the pulse is locally the same as the frequency-shifted ideal Airy pulse distribution, during the "head" interval of the pulse, the temporal envelope will be approximately the same as the frequency-shifted ideal Airy pulse, , and the temporal envelope amplitude remains invariant and approximately equal to that of the ideal Airy pulse (17) In order to define the time intervals , and , we have to distinguish from the different sign of . For , we can define , and . In the case , we have the time reversed version of the signal, and we can define the intervals , and . We can approximate the duration of each decomposed part using the Airy pulse group delay function, , which is only defined in the signal bandwidth . We can approximate the duration of the whole pulse as the maximum absolute value of the group delay function, which can be deduced as the maximum absolute value at the edges of the band (18) Also, we can approximate the duration of the "head" of the pulse as the maximum absolute value of the group delay function in the spectral range of the "head," which can be deduced as the minimum absolute value at the edges of the band (19) IV. PROPOSED DESIGN In our proposed design, we consider a situation represented in Fig. 4 , with an invariant path with length , and a preinvariant path with length , where origin is set in the center of the invariant path. The preinvariant path is defined to consider the possibility of introducing the pulse at an arbitrary distance before the invariant path. The objective of the design consists in obtaining the expression of the pulse at the beginning of the preinvariant path to be introduced in the fiber at , which lead to a pulse with a spectral function in the center of the invariant path, at . We can define this initial pulse by using an spectral function . In the previous section, we have obtained the expression of a pulse at an arbitrary assuming a pulse at a position . The previous expressions can also be used for negative values of . Therefore, the corresponding pulse at can be obtained using (9) . If we neglect linear and constant phase term (which does not affect to the pulse waveform), we obtain , and using (6) and (10) , it can be expressed as The condition for strict nondistortion of the pulse due to cubic phase during the invariant path can be obtained from (11) using the extreme values and (21) and the condition for quasi-nondistortion of the pulse due to cubic phase can be obtained from (13) using (22) Let us define some interesting design parameters in the desired invariant path . The maximum absolute deviation of the pulse frequency regarding the central frequency, in the extreme points of the path, can be obtained from (23) We also define two temporal parameters, and , where is the invariant part of the pulse duration in the whole path , and can be calculated as the minimum duration of the head of pulse, and is the maximum total duration of the pulse in the whole path. These extreme Let us also define a temporal ratio , which indicates "how invariant" is the temporal amplitude envelope of our spectrally windowed Airy pulse as it propagates through the fiber, obtained from the proportion between and . We also define the spectral ration , which indicates the maximum relative frequency variation of the pulse. Both parameters and can be obtained as (26) (27) In Fig. 5 , and are represented, where it can be observed that theoretically we can obtain a perfectly invariant pulse, with and .
V. EXAMPLES AND SIMULATION RESULTS
Without loss of generality, in these examples, we are going to assume standard SMF (ITU-T G.652) in which dispersion parameter can be modeled as ps/(nm km), where nm, ps/(nm km), and ps/(nm km). From this, we can obtain ps /km and ps /km at the central frequency with THz. Nonlinear effects are out of the scope of this paper, and fiber attenuation will not be considered in order to have a more clear visualization of the pulse waveform invariance.
As a first example, we consider a total signal bandwidth of 0.1 THz, i.e., THz rad centered at , and a desired invariant path length of km, without preinvariant path, , where the initial pulse is supposed to be introduced right at the beginning of the invariant path. From the strict nondistortion condition of (21), we obtain a phase value of 0.0238 rad, which can be neglected regarding . The strict nondistortion condition is a sufficient condition for completely neglecting the cubic phase propagation distortion. Using (24)- (27) and (2), we can calculate , and parameters as a function of ratio, as shown in Fig. 6(a) . In principle, we can theoretically obtain a value of as close to 1 as desired, but , and asymptotically tend to infinity when . Therefore, it is theoretically possible to get as degree of invariance as close to the perfect invariance as desired, although it may lead to impractical designs as we approach to the ideal perfect invariance.
For illustrative purposes, we select a medium value of , which lead to the values ns, ns, and ps , and from (27), we obtain a maximum relative deviation of frequency and GHz rad. The initial pulse to be introduced in the fiber at is spectrally defined by (20). For the window function , we have selected a raised cosine function with a roll-off factor of 20%, with a total bandwidth . Fig. 7 shows the temporal amplitude envelope, as well as the joint time-frequency analysis, of the resulting propagated pulse obtained from numerical simulation for three positions of the invariant path ( , and ). Because of the positive value of , the pulse is reversed from the pulses shown previously, where negative values of were assumed. The selected value of implies , and therefore, the 'head' of the pulse has approximately same duration as the "tail" in the extremes of the path, . In the center of the invariant path , there is no tail and the "head" duration is equal to the total duration of the pulse, . As a second example, we consider a signal bandwidth of 2 THz, i.e., THz rad centered at , a desired invariance path duration of km, and a preinvariant path of km. Applying (21) for the cubic phase strict nondistortion condition, we get a phase value of 1.88 rad, which can obviously not be neglected regarding . Even if the strict nondistortion condition is not satisfied, we still can get little cubic phase distortion if the quasi-nondistortion condition is satisfied; from (22), ps . In Fig. 6(b) , we represent again , and parameters as a function of . We select , which leads to nm, nm, and a value of ps that satisfies the quasi-nondistortion condition. The negative value of is selected to illustrate the inverted temporal waveform of the pulse regarding the previous example. We also obtain THz rad. The initial pulse at to be generated and introduced in the fiber is spectrally defined in (20). Again, a raised cosine function is used as a window function , with a roll-off factor of 20% and a total bandwidth . Fig. 8 shows the temporal amplitude envelope, as well as the joint time-frequency analysis, of the resulting propagated pulse, obtained for three positions of the invariant path ( , and ). The selected value of implies . In order to better illustrate the pulse propagation through the fiber in the invariant path, we have included an animation for each example. We have included two supplementary AVI files that show a representation of the pulse propagation in the invariant path, for first and second example, respectively, corresponding to intermediate values of the invariant path. We can observe the invariance of the "head" of the pulse, with a minimum duration of the invariant part and a maximum total duration , as deduced theoretically. It is also interesting to observe the nonuniform velocity effect (acceleration) of the pulse. As indicated in (5), the dependence of the delay of the pulse on is not linear, and the pulse velocity is not constant. This nonuniform velocity is due to the fact that the group velocity function depends on frequency, and therefore, the frequency shift also produces a variation in the pulse apparent velocity. We can express , where and . The delay term constituting the main delay component of the pulse in its propagation through the fiber is subtracted from the total pulse delay represented. Thus, the pulse delay observed in the animations only corresponds to term. The maximum delay variation in the invariant path due to term is ps for the first example, and ps for the second example. Therefore, it is a very marginal effect compared to the main delay component , which is in the order of microseconds for distances in the order of kilometers. Fig. 9 represents the initial pulse to be generated at the beginning of the preinvariant path for the second example (it was assumed no preinvariant path in the first example), and we have also included a supplementary AVI file that shows the animation of the propagation of the pulse during the preinvariant path. As can be observed in the animation, as the pulse propagates in the fiber, its waveform evolves to the desired pulse in the invariant path, as predicted in the previous theory. Nonuniform velocity effect can also be observed, where again the main propagation delay term, , is subtracted from the total pulse delay. In Fig. 10 , we show how the cubic phase term distortion affects to the pulse temporal waveform in the second example (for the first example, the cubic phase distortion is neglectable), where the whole delay term has been subtracted for a clear visualization. As can be observed, it causes some shift in the ripples of the pulse, but the overall envelope shape remains undistorted, verifying the validity of the proposed quasi-nondistortion condition.
It is also worth noting that, since only linear effects are involved in the invariant propagation of Airy pulses, a perturbation or noise added to the initial Airy pulse affects similarly as in generic pulses propagation under linear conditions, being linearly summed to the predicted invariant propagated pulse.
VI. CONCLUSION
Here, we have extensively developed the analytic basis for design invariant bandlimited Airy pulses in SMFs, using the unique propagation properties of Airy pulses in dispersive media. Joint time-frequency analysis plays an important role in this analysis and design. In order to get the finite energy Airy pulse, a truncation in the spectral domain (instead of temporal domain like in [2] ) is applied. This spectral truncation consists in applying an asymmetric flat-top window to the ideal Airy pulse spectra, which does not locally affect the unique properties of the Airy beams.
There are several pulse shaping techniques that can be applied to generate the initial pulse of the proposed designs. Fiber Bragg gratings (FBGs) [13] and spatial light modulators [14] have shown to be very suitable in shaping optical pulses of relative complexity. FBG-based implementations are an in-fiber inexpensive solution, which have been demonstrated for introducing high amounts of pure third-order dispersion [15] . Spatial light modulators have been implemented in commercial highly sophisticated pulse shapers devices, which can be used for this purpose in a more flexible and reconfigurable way, but with higher costs.
Regarding the potential use of Airy pulses in fiber-optic communication systems, from the previous analysis and examples, it can be observed that very long pulses and very large pulse bandwidth are required. This, in principle, can imply a serious limitation of such a system because of the little spectral efficiency, unless a controlled intersymbol interference scheme based on the propagation properties of these pulses is applied.
As we have shown, we can design a finite Airy pulse with a defined degree of invariance to chromatic dispersion. It is theoretically possible to obtain an arbitrarily high degree of invariance, although a too high required degree of invariance may lead to impractical designs. Therefore, we need to obtain a tradeoff solution between the degree of invariance and the feasibility of the desired initial pulse.
